We investigate universal behavior of isolated many-body systems far from equilibrium, which is relevant for a wide range of applications from ultracold quantum gases to high-energy particle physics. The universality is based on the existence of nonthermal fixed points, which represent nonequilibrium attractor solutions with self-similar scaling behavior. The corresponding dynamic universality classes turn out to be remarkably large, encompassing both relativistic as well as nonrelativistic quantum and classical systems. For the examples of nonrelativistic (Gross-Pitaevskii) and relativistic scalar field theory with quartic self-interactions, we demonstrate that infrared scaling exponents as well as scaling functions agree. We perform two independent nonperturbative calculations, first by using classical-statistical lattice simulation techniques and second by applying a vertex-resummed kinetic theory. The latter extends kinetic descriptions to the nonperturbative regime of overoccupied modes. Our results open new perspectives to learn from experiments with cold atoms aspects about the dynamics during the early stages of our universe.
I. INTRODUCTION A. Universality far from equilibrium
The notion of universality or scaling phenomena far from equilibrium is to a large extent unexplored, in particular, in relativistic quantum field theories. Here the strong interest is mainly driven by advances in our understanding of the early universe dynamics as well as relativistic collision experiments of heavy nuclei in the laboratory. Experimentally, the investigation of quantum systems far from equilibrium is also boosted by the nonrelativistic physics of ultracold quantum gases. By using optical or atom chip traps, they provide a flexible testbed with tunable interactions, symmetries and dimensionality, with connections to a wide variety of physical systems. This may include high-energy physics, in particular, if both relativistic and nonrelativistic systems belong to the same universality class [1] . It is the aim of this paper to establish such a connection for bosonic field theories far from equilibrium.
In recent years, important new universality classes have been discovered in isolated relativistic systems far from equilibrium [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The universality is based on the existence of nonthermal fixed points [4, 18, 19] , which represent nonequilibrium attractor solutions with selfsimilar scaling behavior. The underlying physical processes are reminiscent of the stationary transport of conserved charges in the phenomenon of wave turbulence [20, 21] . However, no external sources or sinks are present for isolated systems. In high-energy physics, collision experiments of heavy nuclei (where a 'fireball' expands against the surrounding vacuum) and the evo- The scaling exponents α and β characterize the self-similar evolution according to equation (1) . lution of the early universe provide important examples for isolated quantum systems. Also experimental setups employing ultracold quantum gases can be largely isolated, such that their dynamics is governed by unitary time evolution. Nonthermal fixed points have been investigated in this context for Bose gases [19, [22] [23] [24] [25] [26] [27] [28] [29] . In these nonrelativistic systems, Bose condensation occurs out-of-equilibrium as a consequence of an inverse particle cascade [24, 26, [30] [31] [32] . Similar cascades with nonthermal Bose condensation are also known for relativistic scalar field theories in various spatial dimensions [4, 6, 8, 18, 24] . The question arises, whether these similarities between the relativistic and nonrelativistic systems can be made quantitative. Clearly, there are important differences and one has to specify which properties can be universal.
To illustrate this, FIG. 1 shows a typical distribution function f (t, p) near a nonthermal fixed point as a function of momentum p for two subsequent times t = t 1 and t 2 > t 1 . We distinguish different momentum ranges by their occupancies f (t, p) in terms of a small (interaction or 'diluteness') parameter λ 1 as will be explained below. The inverse particle cascade leading to Bose condensation occurs in the highly occupied low-momentum regime, where f (t, p) 1/λ [4] . This particle transport towards low momenta is part of a dual cascade, in which energy is also transferred by weak wave-turbulence towards higher momenta (1/λ f (t, p) 1). The latter evolves until a high-momentum scale is reached, where the characteristic mode occupancy becomes comparable to the 'quantum-half' [2] .
The different cascades exhibit approximate power-law behavior for mode occupancies f (t, p) in characteristic inertial ranges of momenta. However, in general isolated systems out of equilibrium cannot realize stationary transport solutions in the absence of external driving forces. Instead, the transport in isolated systems is described in terms of the more general notion of a selfsimilar evolution, where the distribution function obeys for isotropic systems
in a given scaling regime. Here, all quantities are considered to be dimensionless by use of some suitable momentum scale, which is specified below.
The values of the scaling exponents α and β, as well as the form of the nonthermal fixed point distribution f S (ξ) are universal. More precisely, all models in the same universality class can be related by a multiplicative rescaling of t and p. Quantities which are invariant under this rescaling are universal. Accordingly, all system-dependent aspects of the distribution are contained in two nonuniversal amplitudes, which we denote as A and B. It is convenient to define them according to f S (ξ = B) = A with df S (ξ = B)/dξ = −2A/B such that A characterizes the amplitude of the scaling function at ξ = B, where the occupation number receives its dominant contribution.
We emphasize that the universal properties can be different for different inertial ranges. This is indicated in  FIG. 1 , where in the direct cascade regime other scaling exponents α , β and a different scaling function f S than in the infrared are found. For instance, two theories can have the same universal low-momentum properties while they may differ significantly in another inertial range at higher scales. This is very similar to the classification of universal properties in thermal equilibrium, where one distinguishes for a given theory between infrared and ultraviolet fixed points and associated scaling properties depending on the momentum regime.
B. Outline of results
In this work we compute the exponents α, β and the scaling function f S of the self-similar distribution (1) in the infrared regime. We present results for nonrelativistic (Gross-Pitaevskii) as well as (massless) relativistic scalar field theory with quartic self-interactions, respectively. While the relativistic theory captures important aspects of the Higgs sector of particle physics or of inflationary models for early universe dynamics, the Gross-Pitaevskii field theory can describe a dilute Bose gas.
A central conclusion of this paper is that the infrared scaling exponents and scaling functions of these theories belong to the same universality class, i.e. the results for α, β and the universal form of the scaling function f S in (1) agree. This is nontrivial, in particular, since the nonrelativistic system conserves total particle number whereas in the relativistic theory number-changing processes are possible. The agreement found in the infrared is also remarkable in view of the fact that in the inertial range of the direct energy cascade towards higher momenta the exponents α , β and the scaling function f S from the different theories do not agree [2, 3] .
Since the large occupancies at low momenta lead to strongly nonlinear dynamics, one cannot apply standard perturbative kinetic theory in the infrared. (Perturbative approaches [2, 3, 20] are often used to describe the direct energy cascade at higher momenta.
1 ) We perform two independent nonperturbative calculations. The first approach employs classical-statistical lattice simulation techniques in sections II and III [6, 35] . The second, analytical method applies a vertex-resummed kinetic theory in sections IV and V, which is based on an expansion in the number of field components N to next-to-leading order [36, 37] . The approach extends well-established kinetic descriptions [3, 20, 21] to the nonperturbative regime of overoccupied modes. This is used to obtain the analytic estimate for the scaling exponents of the
towards low momenta, with spatial dimension d. This is a central analytic result of this work. In contrast to the previously known negative values for α and β from perturbative estimates [2, 3] , the positive values obtained from the vertex-resummed kinetic theory describe an inverse particle transport with growing occupation number in the infrared. The fixed relation between α and β reflects the conservation of particle number density
in this (nonrelativistic) inertial range by using the self-similarity (1). Most 
The scaling function fS(ξ ≡ t β |p|) = t −α f (t, p), normalized to the amplitudes A and B, exhibits accurate agreement between the nonrelativistic (circles) and relativistic (squares) simulation results.
notably, the emergence of an effectively conserved particle number plays a crucial role for the nonequilibrium evolution of the relativistic theory.
The quantitative agreement of the NLO estimates of α = 3/2 and β = 1/2 for d = 3 with the full simulation results for the relativistic (section III B) and for the nonrelativistic (section II B) theory is remarkable. Though we extend the analytic estimates to include a possible anomalous scaling in section V, we find no strong indications for a nonvanishing anomalous dimension. Furthermore, we analyze the phenomenon of nonthermal Bose condensation from the inverse particle transport towards the zero mode. Most importantly, the dynamical generation of a mass gap m for the (massless) relativistic theory from an intriguing interplay of condensation and medium effects explains why the relativistic theory exhibits nonrelativistic physics at low momenta |p| m, as is shown in section III.
The numerically computed fixed point distribution f S of equation (1) is given in FIG. 2 . Shown is the normalized distribution f S /A as a function of the rescaled variable ξ/B, using the model specific amplitudes A and B as defined above. For the relativistic theory, we show results for N = 2 field components in FIG. 2 but we consider also other values of N in section III. The lattice data for both nonrelativistic and relativistic theories turns out to be well described by the fit (dashed line)
for ξ > 0 with approximately κ < 0.5 and κ > 4.5 for the available range of momenta and times. We note that the value for κ > is rather close to those obtained for stationary turbulence in nonrelativistic systems [19] as shown in appendix A.
The very good agreement of the exponents and nonthermal fixed point distributions for the different theories in the infrared scaling regime is a striking manifestation of universality far from equilibrium. One may use this universality, for instance, to learn from experiments with ultracold atoms aspects about the dynamics during the early stages of our universe [38] .
II. NONRELATIVISTIC BOSE GAS

A. Initial conditions
We first consider a nonrelativistic atomic gas of interacting bosons with s-wave scattering length a.
2 For a gas of density n the average interatomic distance is n −1/3 . Together with the scattering length a, this can be used to define a dimensionless 'diluteness parameter'
For a typical scattering length of, e.g., a 5 nm and bulk density n 10 14 cm −3 the diluteness parameter ζ 10
is very small, and in the following we will always assume ζ 1. The density and scattering length can also be used to define a characteristic 'coherence length', whose inverse is described by the momentum scale
To observe the dynamics near nonthermal fixed points for the interacting Bose gas, an unusually large occupancy of modes at the inverse coherence length scale Q has to be prepared. Such nonequilibrium extreme conditions may be obtained, for instance, from a quench or nonequilibrium instabilities [19, [22] [23] [24] [25] [26] [27] [28] . More precisely, for a weakly coupled gas of average density n = d 3 p/(2π) 3 f (|p|) this requires a large characteristic mode occupancy
This represents an extreme nonequilibrium distribution of modes. The large typical occupancies lead to essentially classical dynamics. Most importantly, the system in this overoccupied regime is strongly correlated. These properties may be understood from a GrossPitaevskii equation for a nonrelativistic complex Bose field ψ:
The coupling g is not dimensionless and determined from the mass m and scattering length as g = 4πa/m. The total number of particles, given by
In the mean-field approximation the effect of the interaction term in the Gross-Pitaevskii equation is a constant energy shift for each particle,
which can be absorbed in a redefinition of the chemical potential. However, we note that for the very high occupancy (6) of the typical momentum Q the shift in energy is not small compared to the relevant kinetic energy, i.e. 2gn ∼ Q 2 /2m. Parametrically, this can be directly verified using (6):
Here we have used that with a = mg/(4π) equation (5) implies Q = 2 √ mgn and (4) gives ζ = mgQ/(16π 3/2 ). Most importantly, the energy shift 2gn is of the order of the kinetic energy Q 2 /2m irrespective of the coupling strength g. This already hints at a strongly correlated system, where the dependence on the details of the underlying model parameters is lost.
B. Self-similar dynamics from classical-statistical simulations
In order to perform simulations beyond the mean-field approximation, we use the fact that the nonequilibrium quantum dynamics of the highly occupied system can be accurately mapped onto a classical-statistical field theory evolution [35, [39] [40] [41] [42] . This mapping is valid as long as f 1 for typical momenta, with small enough diluteness parameter ζ according to (6) . In classical-statistical simulations, one samples over initial conditions and evolves each realization according to the classical equation of motion (7). This equation is solved on a three-dimensional grid using a split-step method [23, 24] . Then, observables are obtained by averaging over classical trajectories.
We concentrate on scaling properties of a timedependent occupation number distribution f (t, p). More precisely, we consider the two-point correlation function
(10) evaluated at equal times t = t for spatially homogeneous ensembles. Brackets . . . indicate sample averages. In spatial Fourier space we define [42] : Because of spatial isotropy, the distribution function depends on the modulus of momentum, and we frequently write f (t, |p|). The term ∼ |ψ 0 | 2 (t) coming together with the Dirac δ-function represents the condensate part of the correlator at zero momentum. The time-dependent condensate fraction at zero momentum is then given by
The corresponding expressions for the finite volumes employed will be discussed in section II C.
3
We consider initial conditions with high occupation numbers as motivated in the previous section. Specifically, we start with a distribution function of the form
which describes overoccupation up to the characteristic momentum Q. The initial condensate fraction is taken to be zero, i.e. |ψ 0 | 2 (t = 0) = 0, with an initial f (0, p) = 50/(2mgQ) Θ(Q − |p|). For the plots we typically average over 10 realizations on a lattice with 512 3 points and a lattice spacing a s such that Qa s = 1, where we checked insensitivity of our infrared results to cutoff changes. We always plot dimensionless quantities obtained by the rescalings f (t, p) → f (t, p) 2mgQ, t → t Q 2 /(2m) and p → p/Q. This reflects the classicalstatistical nature of the dynamics in the highly occupied regime, which has the important consequence that if we measure time in units of 2m/Q 2 and momentum in units of Q then the combination f (t, p) 2mgQ does not depend on the values of m, g and Q [28] .
The initial mode occupancies (13) get quickly redistributed at the beginning of the nonequilibrium evolution and then a slower behavior sets in. The latter reflects the dynamics near the nonthermal fixed point, where universality can be observed. We concentrate on the low-momentum part of the distribution and analyze its infrared scaling properties. FIG. 3 shows the rescaled distribution (t/t ref )
−α f (t, p) of the nonrelativistic theory as a function of (t/t ref )
β |p|, where the reference time t ref Q
2 /(2m) = 300 is the earliest time shown. The inset gives the curves at different times together with the initial distribution without rescaling for comparison. With the appropriate choice of the infrared scaling exponents α and β, all the curves at different times lie remarkably well on top of each other after rescaling. This is a striking manifestation of the self-similar dynamics (1) near a nonthermal fixed point. The scaling exponents obtained are
where the error bars are due to statistical averaging and fitting errors, which is further described in appendix C.
Comparing these values to (2), we find that the numerical results (14) agree rather well with the NLO approximation for a vanishing anomalous dimension, which are derived in section IV. Furthermore, the simulation results confirm that α = 3β to very good accuracy as expected from number conservation in the infrared scaling regime (see section I). The values for α and β determine the rate and direction of the particle number transport, since according to (1) a given characteristic momentum scale K(t 0 ) = K 0 evolves as K(t) = K 0 (t/t 0 ) −β with amplitude f (t, K(t)) ∼ t α . Therefore, the positive values for the exponents in the infrared scaling regime imply that particle number is being transported towards low momenta, thus confirming an inverse particle cascade.
C. Condensate formation
For the initial conditions (13) , there is no condensate present at t = 0. However, the inverse particle cascade towards the infrared continuously populates the zeromode, which leads to the formation of a condensate far from equilibrium [24, 26, 28, [30] [31] [32] . Near the nonthermal fixed point, the condensation dynamics is expected to exhibit scaling behavior and in the following we determine the relevant scaling exponent.
Our starting point is the Fourier transformed equaltime correlation function (11) with initially vanishing condensate fraction, |ψ 0 | 2 (t = 0) = 0. To analyze our simulation results for t > 0, we follow references [24, 28] and note that for a finite volume V the zero-mode contribution in (11) scales with (2π) 3 δ (3) (0) → V proportional to volume. Therefore, we can identify the condensate fraction by its scaling behavior as the volume is changed. Stated differently, if we divide the correlation function (11) by the volume, only correlations which scale with the system size are not suppressed at large volumes and the condensate fraction is related to the volume-independent part.
FIG . 4 shows the evolution of the zero-momentum correlation
for different volumes. These are given in units of Q, ranging from V Q 3 = 32 3 to the largest volume ∼ 512 3 . Correspondingly, the plotted dimensionless results are rescaled as
One observes that at early times the evolution depends strongly on the volume, as expected in the absence of a coherent zero mode spreading over the entire volume. However, after a transient regime the zero-momentum correlation becomes volume independent. The curves corresponding to different volumes converge towards the same value, thus signaling the formation of a condensate.
The double logarithmic plot of FIG. 4 clearly indicates that the growth of the zero-momentum correlation proceeds as a power-law in time. The power-law growth is rather well described by the scaling exponent α found in (14) from the self-similar evolution of the distribution function. These numerical findings are also explained in more detail using the analytic scaling solution in section V.
Of course, the time needed to fill the entire volume with a single condensate increases with volume, which is nicely observed from the data. Using that the parametrically slow power-law dynamics dominates the time until condensation is completed, we can use the scaling exponent α to estimate this condensation time. Taking the value of the zero-momentum correlator V −1 F (t, t, p = 0) at the initial time t 0 of the self-similar regime as V −1 f (t 0 , 0) and its final value at the time t f as |ψ 0 | 2 (t f ), we can
Correspondingly, we define the condensate fraction (12) for the case of finite volumes as Fig. 5 we show the evolution of the condensate fraction for different volumes as a function of the rescaled time t/V 1/α . Indeed, as predicted by (15), the different curves are approximately volume independent. One finds that the condensate fraction saturates at N 0 /N total 0.8.
III. RELATIVISTIC SCALAR FIELD THEORY A. Initial conditions
Overoccupied relativistic quantum field theories play an important role in early-universe cosmology and highenergy collision experiments with heavy nuclei. For a large class of inflationary models of early-universe dynamics, the accelerated expansion of the universe during inflation leads to a large coherent field amplitude of the (scalar) inflaton. A subsequent decay via nonequilibrium instabilities can lead to highly occupied modes of the scalar field with a characteristic momentum Q [43] . A similar overoccupation of modes can also occur in heavyion collisions at ultra-relativistic energies, where a longitudinally expanding plasma of highly occupied gluon fields is expected to form shortly after the collision [44] . For expanding systems there are even striking indications that the gluon plasma can belong to the same far-fromequilibrium universality class as a scalar field theory [1] .
To be specific, we consider here N real scalar fields ϕ a interacting via a weak quartic self-coupling λ 1 in three spatial dimensions. The equations of motion for the a = 1, . . . , N massless fields are
where a sum over repeated indices is implied. The relevant two-point correlation function we denote as
(17) At equal times t = t this can be used to define a distribution function f (t, p) for the relativistic theory:
(18) This is in complete analogy to the definition (11) for the nonrelativistic system and we will refer to the term ∼ φ 2 0 (t) as the condensate part. The only major difference is the appearance of the dispersion ω(t, p) in the definition for the relativistic case, which is a consequence of the second-order differential equation in time for the fields (16) . Similar to the above discussion for the nonrelativistic system, we first characterize overoccupied initial conditions for the typical momentum Q. In a mean-field or large-N approximation to leading order, one finds for the evolution equation of the correlation function (17) in spatial Fourier space (see e.g. [45] ):
If there is no condensate initially, we can estimate parametrically the mean-field correction at sufficiently early times as
where we have taken a relativistic dispersion ω ∼ |p| for massless particles. One observes that this is of the same order as the typical kinetic energy term ∼ Q 2 in (19) if the occupancy is as large as
Common scalar inflaton models for early universe dynamics have couplings of order λ ∼ 10 −13 , such that the typical occupancies are extremely large in that context. Comparing to (6), we note that the dimensionless selfcoupling λ plays the role of the diluteness parameter ζ in the nonrelativistic theory.
B. Self-similar dynamics from classical-statistical simulations
Since the self-similar dynamics can only be observed beyond the mean-field approximation, we perform first classical-statistical lattice simulations similar to what is done for the nonrelativistic theory in section II B. For this we solve (16) as classical equations of motion on a three dimensional lattice using a leapfrog algorithm [4, 14] and sample over initial conditions. We extract the occupation number distribution according to (18) by writing for |p| > 0:
(22) The second equality allows us to identify the dimensionless distribution (see e.g. [45] )
The corresponding dispersion relation is then given by
We emphasize that the notion of particle number is not a uniquely defined concept in a relativistic field theory, where total number changing processes are possible. However, one may always think in terms of the welldefined correlation functions appearing in (23) . Moreover, this definition turns out to provide an extremely useful quasi-particle interpretation even in the strongly correlated infrared regime [4] , which we will exploit further in section (IV). Similar to (13) for the nonrelativistic theory, we choose overoccupied initial conditions
with φ 2 0 (t = 0) = 0. All quantities shown will be made dimensionless by appropriate powers of the scale Q = 4 λ /N , which is obtained from the conserved energy density average
where summation over spatial directions i and scalar components a is implied. For the initial condition (25), one has ∼ N Q 4 /λ such that Q becomes independent of the coupling and the number of field components.
For the figures we have chosen the amplitude of (25) as f (0, p) = 125/λ Θ(Q − |p|) with Q = 0.8 Q , and we always plot rescaled functions f (t, p) → λ f (t, p) and F (t, t, p) → λ F (t, t, p) such that these combinations also become independent of the coupling. For the N = 2 component theory, computations were made on a 768 3 lattice with lattice spacing Q a s = 0.9 and we averaged over five realizations. For N = 4 we employed a 512 3 lattice with spacing Q a s = 1.8 and averaged over 18−50 realizations. We checked that for N = 2 all shown results are insensitive to the lattice spacing and the volume. For the relevant infrared quantities this is to good accuracy also the case for the coarser lattices employed for N = 4.
In FIG. 6 we show the evolution of the occupation number distribution for the relativistic N = 2 component theory. As in the nonrelativistic case, we plot t −α f against t β |p| to study self-similarity and give the original distribution without rescalings in the inset. With appropriately chosen exponents, in the infrared all curves lie on top of each other after rescaling to remarkable accuracy. The measured exponents are
and we refer to appendix C for details on how we estimate the error bars. In order to check for a possible dependence of the infrared scaling properties on the number of field components, we also perform lattice simulations for N = 4.
FIG. 7 shows t
−α f as a function t β |p|. The curves corresponding to different times lie again on top of each other after the rescalings and we extract the exponents
These and the universal scaling form of the distribution function compare rather well to those for the relativistic N = 2 component system as well as the nonrelativistic theory. Within the statistical errors we find no indication for a dependence of the corresponding universality class on the number of field components. However, small discrepancies in α, β and f S are still possible. These could occur in the presence of nonvanishing anomalous dimension η, which is discussed further in section V. In order to estimate systematic errors, we investigate how the values for the exponents α and β depend on the reference time t ref at which we start our self-similarity analysis. To this end, we perform our analysis for different values of t ref and use the method of appendix C with the distribution function evaluated at several times up to t/t ref 4 − 5. In FIG. 8 , we show the extracted values for α and β as a function of the reference time for N = 4. One finds that the mean value of α decreases monotonically to about α ≈ 1.5 while β gets close to a half for the transient times at which self-similarity can be accurately observed. For the relativistic two-component system, the exponents α and β are found to start from comparably larger values at early reference times to the ones given in (27) . We note that the nonrelativistic system of section II B also shows decreasing exponents α and β but our runs last not long enough such that their mean values (14) come as close to the expected values α = 1.5 and β = 0.5 as for the relativistic two-component system. 
C. Generation of a mass gap
The values (27) or (28) for the exponents of the relativistic theories agree within errors with the values (14) obtained for the nonrelativistic Bose gas. Moreover, they are rather close to the analytic results (2) from the large-N expansion to NLO for the nonrelativistic theory, while they deviate clearly from the corresponding prediction assuming a relativistic dispersion as will be shown in section IV.
Also the universal form of the nonthermal fixed point distribution f S accurately agrees for relativistic and nonrelativistic theories in the infrared scaling regime. This is shown in FIG. 2 by comparing the two-component relativistic and the nonrelativistic theory, where f S /A is given as a function of t β |p|/B normalized to the nonuniversal amplitudes A and B as described in section I B.
To understand the appearance of nonrelativistic dynamics, we analyze the dispersion relation ω(t, p) according to (24) , which is shown in FIG. 9 at three different times. Although the underlying theory is massless, it can be clearly observed that for low momenta the system generates a mass gap, whereas at large momenta we recover a linear dispersion.
The appearance of an effective mass-like contribution can already be understood qualitatively from the approximate evolution equation (19) for the correlator modes F (t, t , p). In the mean-field approximation, the term ∼ (λ/6) d 3 q/(2π) 3 F (t, t, q) generates a mass-like correction for the overoccupied initial condition (25) .
To extract the mass gap beyond the mean-field approximation using the lattice simulations, we fit a timedependent effective mass m(t) from a m 2 (t) + p 2 fit to the ω(t, p) data. The time evolution of m(t) is shown in the inset of FIG. 9. We find that after a quick initial evolution this dispersion relation enters a quasi-stationary regime, which is typical for a prethermalized quantity In the inset, the time evolution of the mass gap at zero momentum is shown, which is obtained from a m 2 + p 2 fit to ωp at low momenta (+ symbol) and by measuring the oscillation frequency ωc of the unequal-time correlation function (x symbol).
whose transient evolution is governed by an approximately conserved (particle) number [46] .
In addition, we also analyze the oscillation frequency ω c of the unequal-time correlation function F (t, 0, p) as a function of time t for |p| = 0. Since the zero-momentum mode frequency corresponds to the renormalized mass of the theory, this provides an independent estimate of the mass gap that does not rely on the definition (24) of a dispersion. Indeed we find ω c m to very good accuracy as shown in the inset of FIG. 9.
In the presence of a mass gap m, low momentum modes with |p| m are expected to behave nonrelativistically. From FIG. 9 we can estimate the mass to be m 0.55Q 0.69Q for the whole duration of the self-similar evolution. We find that this mass scale separates rather well the inertial ranges for the inverse particle cascade towards low momenta from the direct energy cascade at higher momenta. This can be observed, for instance, from the inset of FIG. 6 , where the initial scale Q marked by the distribution at t = 0 can be used as a reference.
The emergence of a mass gap in the relativistic theory explains why the dynamics in the infrared regime is governed by nonrelativistic physics. Of course, in general the presence of a mass gap does not necessarily imply universal behavior for sufficiently low momentum modes. However, it may be seen as a prerequisite for relativistic theories to belong to the same far-from-equilibrium universality class as the Gross-Pitaevskii field theory. 
D. Condensate formation
Since we observe for the relativistic scalar field theory the same inverse particle cascade with universal exponents and scaling function as for the nonrelativistic system, one expects condensation to proceed with the same exponent α as found in section II C. However, this is not entirely trivial since scatterings off the condensate play an important role in the inertial range for the direct energy cascade towards higher momenta, where both theories do not belong to the same universality class [2, 3] . (18) divided by volume. We compare the curves to the expected power-law behavior ∼ t α with the exponent α obtained before from the self-similarity analysis. As in the nonrelativistic case, the dynamics is well described by such a power-law until the results become volume independent, thus signaling the formation of a coherent condensate φ 2 0 for the entire volume.
We emphasize that the observed power-law is restricted to the formation of the condensate during the transient self-similar regime, where we find the universal exponent α to govern the dynamics. In particular, we do not discuss here the subsequent late-time approach to thermal equilibrium, where total particle number changing processes in the relativistic theory can make important differences as compared to the number conserving nonrelativistic system [24] .
IV. NONTHERMAL FIXED POINTS FROM VERTEX-RESUMMED KINETIC THEORY
A. Self-similarity While many aspects of transport of conserved charges associated to wave turbulence in kinetic theory have long reached textbook level, there is still rather little known about the analytic description of turbulent behavior in nonperturbative regimes of quantum field theories.
Perturbative kinetic theory has been successfully applied to the phenomenon of weak wave turbulence [3, 20, 21] . It has also been employed in the literature to describe infrared phenomena such as Bose condensation [33, 34] . However, in this case the approach neglects important vertex corrections since the large occupancies at low momenta lead to strongly nonlinear dynamics [4, 23] . Here we apply a vertex-resummed kinetic theory, which is based on an expansion in the number of field components N to next-to-leading order [19, 36, 37] . It extends well-known kinetic descriptions [3, 20, 21] to the nonperturbative regime of overoccupied modes. This allows us to gain analytic understanding of the formation of a dual cascade, in which particles are also transferred towards low momenta leading to Bose condensation.
Similar nonperturbative descriptions have been employed before for the scaling behavior of stationary transport, which is time-translation invariant [4, 18, 19] . Since our isolated systems out of equilibrium cannot realize stationary transport solutions in the absence of external driving forces, we have to consider here the more general notion of a self-similar evolution. Though this is not time-translation invariant, the dynamics in this case is described by time-independent scaling functions and scaling exponents.
A self-similar evolution of the distribution function f (t, p) for a spatially homogeneous and isotropic system is characterized as
with the real scaling parameter s and exponents α and β. Again, all quantities are considered to be dimensionless by use of some suitable momentum scale. Choosing s −1/β t = 1 we recover (1), where the time-independent scaling function f S (t β p) ≡ f (1, t β p) denotes the fixed point distribution. This scaling form represents an enormous reduction of the possible dependence of the dynamics on variations in time and momenta, since t −α f (t, p) depends on the product t β |p| instead of separately depending on time and momenta. Therefore, an essential part of the time evolution is encoded in the momentum dependence of the fixed point distribution f S (p).
For the time evolution of the distribution function f (t, p) we write
with a generic 'collision integral' C [f ] (t, p), which depends on the theory and the approximation employed. For the self-similar distribution (29) , the scaling behavior of the collision integral is then given by
and the scaling relation:
This follows from comparing the LHS of the kinetic equation,
to its RHS given by (31) . Further relations can be obtained by either imposing energy conservation or particle number conservation if applicable. For constant
one obtains the relation for
Similarly, with
one obtains from
where the dispersion is taken to scale with the dynamic exponent z as
with z = 1 for the gapless relativistic and z = 2 for the nonrelativistic theory. One observes that there is no single scaling solution conserving both energy and particle number. As outlined already above, in this case a dual cascade is expected to emerge such that in a given inertial range of momenta only one conservation law governs the scaling behavior.
B. Perturbative scaling behavior
We first review some perturbative results for later comparison. In perturbative kinetic theory, when two particles scatter into two particles, the collision integral is of the form
where we write f (t, p) ≡ f p suppressing the global time dependence to ease the notation. The details of the model enter dΩ 2↔2 (p, l, q, r), which for the example of the relativistic N -component scalar field theory with quartic λ/(4!N )-interaction of section III reads:
with
The expression represents a standard Boltzmann equation for a gas of relativistic particles, which is not expected to be valid if the occupation numbers per mode become too large. Parametrically, for a weak coupling λ a necessary condition for its validity is f p 1/λ since otherwise strongly nonlinear effects become significant as will be explained in detail in section IV C. On the other hand, scaling is expected for not too small occupation numbers per mode, which we discuss now. For the corresponding regime 1 f p 1/λ one may use the above Boltzmann equation, which approximately becomes
Apart from the energy density also the total particle number density n is conserved by the collision term. For the relativistic theory, the scaling assumption (29) should be valid for sufficiently high momenta |p| m such that the dispersion is approximately linear with ω p ∼ |p|. In this case one obtains for the scaling of the collision integral (41) and (42) of the theory with quartic self-interaction:
where the scaling is described by
The first term in brackets comes from the scaling of the integral measure, the second from energy-momentum conservation for two-to-two scattering and the third from the three factors of the distribution function appearing in (42) .
Apart from the 4-vertex interaction considered, it will be relevant to investigate also scattering in the presence of a coherent field such that an effective 3-vertex appears. To keep the discussion more general, we may write for the scaling behavior of a generic collision term for l-vertex scattering processes
where the scaling exponent
follows from similar arguments as exemplified for the 4-vertex interaction. Using the scaling relation (33) and particle conservation (36) gives the perturbative solution for rel. particle transport:
Similarly, with (38) for relativistic z = 1 one finds the perturbative solution for rel. energy transport:
For instance, for quartic self-interactions the perturbative energy transport is characterized by α = −(d + 1)/7, and β = −1/7, where the latter is independent of the dimensionality of space d. Likewise, for an effective 3-vertex in the presence of a coherent field one has for the energy transport α = −(d + 1)/5 and β = −1/5. Indeed, the latter values for the scaling exponents describe well the energy transport at higher momenta of the relativistic scalar field theory for d = 3 of section III [3] . In particular, their negative values indicate the direction of the transport from lower to higher momenta.
We now turn to the nonrelativistic theory of section II. The perturbative kinetic equation for 2 ↔ 2 scattering is given again by (42) , however, with the nonrelativistic (49) in the absence of a condensate for ω p = p 2 /(2m). The scaling analysis follows along the same lines as before, but without the inverse-frequency factors from the relativistically invariant measure appearing in (41) . Accordingly, generalizing again to l-vertex scatterings, one obtains for the scaling relation (33) in the nonrelativistic case: (l − 2)α = β[(l − 2)d − 2] − 1 . This leads with (36) and (38) to the solutions for nonrel. particle transport:
and nonrel. energy transport:
For instance, for quartic self-interactions the perturbative particle transport would be described by α = −d/2, and β = −1/2. We emphasize that all the above perturbative estimates with negative values for α and β cannot account for the inverse particle transport observed from the simulations for d = 3 in sections II B and III B. Of course, perturbation theory is not expected to be applicable to the overoccupied infrared modes and one has to employ an alternative description, which we consider next.
C. Scaling behavior in the overoccupied regime
Remarkably, the overoccupied regime can still be described in terms of a generalized kinetic theory by taking into account vertex corrections. For the N -component field theory, these corrections can be systematically computed from an expansion in the number of field components N to next-to-leading order [6, 36, 37] . The NLO corrections take scattering events up to infinite order into account. This allows us to describe even strongly correlated regimes, where the typical mode occupancies (6) or (21) are inversely proportional to the diluteness or coupling parameter, respectively.
Effectively, the change to the perturbative kinetic equations (40) or (42) is the appearance of a time and momentum dependent matrix element squared:
More precisely, one finds at NLO of the expansion in the number of field components for the relativistic theory a kinetic equation where (41) is replaced by:
with dispersion ω p = p 2 + m 2 . Here
incorporates the vertex corrections for the different scattering channels. They are depicted in FIG. 11 and may be viewed as coming from an effective interaction, which involves the exchange of an intermediate particle whose four-momentum equals p + l, p − q and p − r, respectively. The incoming particles with momenta p and l join into an intermediate particle that eventually splits. Middle and right: The incoming particle with momentum p emits the intermediate particle and becomes the final particle with momentum q or r, respectively.
The appearance of the 'one-loop' retarded self-energy,
in the denominator is the result of a geometric series summation of the infinite number of NLO processes. It should be emphasized that Π R , and thus also λ 2 eff , is timedependent because it is expressed in terms of the evolving distribution function. The above expressions correspond to the on-shell limit of the evolution equations presented in reference [6] and their relation to the underlying field theory is further discussed in appendix B 3.
For sufficiently high momenta, the self-energy (55) becomes small such that Π R (t, ω, p) 1 in the squared matrix element (54) and we recover the perturbative expression λ 2 eff → λ 2 . In this case, the kinetic equation corresponds to (41) with the prefactor for large N . Since the scaling solutions of section IV B do not depend on N , one gets the same results in the high momentum regime.
For low momenta the case Π R (t, ω, p) 1 can become relevant, which changes the situation dramatically. This becomes even more involved if a mass gap exists, as seen in the simulations of section III C. An effective mass gap is typically expected because of medium effects even if the mass parameter of the underlying microscopic theory is set to zero. In that case the infrared modes behave effectively nonrelativistically, which allows one to observe the same scaling behavior of the relativistic and the nonrelativistic theory in this regime.
The corresponding kinetic equation for the nonrelativistic theory may be obtained from the relativistic case (54), assuming that the mass appearing in the dispersion relation is much larger than the typical momenta. Expanding ω p = p 2 + m 2 m + p 2 /2m and inserting this into (53), we have δ(
to lowest nonvanishing order. Then g ∼ λ/m 2 leads to the nonrelativistic form of the equation. Alternatively, one can obtain the corresponding result from a nonrelativistic N -component complex scalar field theory [19] by performing again the 1/N expansion to NLO. This is further described in section V. Accordingly, we consider for the nonrelativistic case a kinetic equation with
where ω p = p 2 /(2m) and
incorporates the vertex corrections. The compact form of (57) is achieved by using the symmetries of (56) and the nonrelativistic 'one-loop' retarded self-energy reads
By comparison to its relativistic counterpart, this may also be obtained directly from (55) if evaluated as in (57) by expanding the relativistic dispersion for small momenta and taking the dominant contributions, where the constant mass term cancels in the respective frequency sums.
From the self-similar behavior of the distribution (29), we can deduce the scaling property
Since for the relevant cases (36) and (38) we have α/β ≥ d, we conclude by keeping sp fixed that Π R nr can become large in the infrared. In this case, we can use Π R nr (t, ω p , p) 1 to find the scaling behavior of
(60) Therefore, we expect the effective matrix element squared to become small in the infrared in accordance with related studies [4] . In turn, we will see in the following that at the same time the distribution function f (t, p) can grow significantly, which results in a 'Bose enhancement' of scatterings that counteracts the diminished effective coupling.
We use (56) in the corresponding kinetic equation (42) and find for the scaling of the collision term
Remarkably, with this the exponent β can be obtained solely from the scaling relation (33) without using in addition energy or particle conservation, whereas the different solutions for α arise from imposing (36) or (38), respectively. We thus find in the overoccupied infrared regime for nonrel. transport: β = 1 2 of particles: α = d/2 energy: α = (d + 2)/2 (62) This is a central analytic result of this work. In contrast to the previously known negative scaling exponents from perturbative estimates given in section IV B, one observes that the positive values of α and β obtained here describe an inverse particle transport with growing occupation number in the infrared. The quantitative agreement of the NLO estimates α = 3/2 and β = 1/2 for d = 3 with the full simulation results of section III B for the relativistic and section II B for the nonrelativistic theory is remarkable. Both the approximate analytic and the full simulation results within their numerical accuracy indicate no strong dependence on N .
For comparison, we finally also analyze the relativistic kinetic equation with (53) in the absence of any mass gap. To this end, we use ω p = |p| and proceed as in the nonrelativistic case to find scaling relations for α and β. With
we find for the rel. transport: β = 1 of particles:
These estimates indicate that the simulation results of section III B for the relativistic theory cannot be interpreted in terms of massless scaling in the infrared, which is explained by the presence of a mass gap in section III C.
V. ANOMALOUS SCALING
The kinetic description of section IV assumes canonical values for the dynamic exponent z, which describes the scaling of the dispersion (39) . For the relativistic theory without a mass gap, ω p = |p| is employed. For the GrossPitaevskii theory, in the presence of a condensate, the approximate (Bogoliubov) dispersion is given by [47] ω(p) = p 2 2m
At larger momenta, or in the absence of a condensate, one recovers ω p = p 2 /(2m), while for low momenta one has ω p = c|p| with c ≡ g|ψ 0 | 2 /m.
From a field theoretic point of view, these dispersions with integer-valued z are implemented using a canonical spectral function, such as the free-field form
for the relativistic theory. In principle, nonperturbative scaling phenomena may involve an anomalous scaling exponent for the full spectral functionρ(p 0 , p) of the interacting theory. Using spatial isotropy we may writẽ
with a nonequilibrium 'anomalous dimension' η. The dynamic scaling exponent z appears since only spatial momenta are related by rotational symmetry and frequencies may scale differently also in the relativistic theory because of medium effects. Small discrepancies between the results of our full numerical simulations and the analytic estimates of previous sections could possibly be rooted in the canonical assumption of an integer-valued z and η = 0. This concerns mainly the infrared regime, where strongly nonlinear behavior occurs. For instance, corresponding infrared scaling phenomena in thermal equilibrium near continuous phase transitions can exhibit non-trivial scaling exponents with a noncanonical z and a nonzero (but typically small) value for η, which is also captured by the NLO approximation employed [48] .
Therefore, we consider in this section a field theoretical calculation of the self-similar behavior near nonthermal fixed points taking into account the possibility of anomalous scaling. It is again based on the two-particle irreducible (2PI) generating functional in quantum field theory, which is expanded up to next-to-leading order in the number of field components N [36, 37] . However, without using the additional assumption of a canonical form for the spectral function underlying the kinetic theory of section IV.
A. Nonrelativistic field theory
For the nonrelativistic scalar field theory we consider a single complex scalar field ψ(x) with the action
In the classical approximation this gives rise to the GrossPitaevskii equation (7) . In the corresponding quantum theory, the spectral function is given by the expectation value of the commutator of two Heisenberg field operators asρ
Here the index notation for a, b = 1, 2 employŝ
in order to have a compact notation for the four different two-point functions that can be built from two complex fields. The other set of linearly independent two-point functions can be conveniently expressed in terms of the expectation value of the anticommutator of two fields as
where the subscript 'c' refers to the connected correlator. While in thermal equilibrium the anticommutator and commutator expectation values are related by the fluctuation-dissipation relation, in general they are linearly independent for systems out of equilibrium. 5 The absence of a fluctuation-dissipation relation is a crucial property of the scaling behavior near the nonthermal fixed points discussed.
The evolution equations for F ab (x, y) andρ ab (x, y) at NLO in the 2PI 1/N expansion are known [19, 36, 37] and given in appendix B for completeness, where we also outline the employed gradient expansion to lowest order. It is important to notice that, because of the lowest order gradient expansion, the spectral function is time-independent according to (B7). For the spatially homogeneous system, it is convenient to Fourier transform the two-point functions with respect to their relative coordinates x − y and to define the 'time' variable as t = (x 0 + y 0 )/2. One obtains, using (F p ) ab ≡ F ab (t, p) and (ρ p ) ab ≡ρ ab (p) as a compact matrix notation in (a, b)-index space:
where Tr[F p ] ≡ F aa (t, p) and σ 3 = diag(1, −1) denotes the third Pauli matrix. The time-and momentumdependent effective coupling squared corresponding to (57) reads
with the retarded self-energy
in terms of the retarded propagator G R ab (p) as is further discussed in appendix B 3.
To make contact with the definition of the distribution function in (11), we note that with the notation F ≡ F aa /2 this can be written for p = 0 as:
where we write the 'quantum-half' for completeness though we always consider high typical occupancies such that it can be neglected. With the field theoretical definition of the distribution function at hand, we can obtain a corresponding 'collision term' for ∂f (t, p)/∂t = C[F ](t, p) from the p 0 -integral of the RHS of (72). Applying (29) to the distribution function with f (t, p) 1 for typical momenta, self-similar behavior for the correlators is described by
in addition to the scaling behavior (67) for the spectral functionρ ab (p 0 , p). This means
In particular, f S (p) = dp 0 /(2π)F S,aa (p 0 , p)/2 in this highly occupied scaling regime according to (75). With
We can now proceed in complete analogy to the analysis of section IV from which we find the solution to the scaling relation:
where the dimensionality d and the exponent α have dropped out. In addition we have the time-independent equation for the nonthermal fixed point function:
corresponding to (32) .
To obtain a second scaling relation for the determination of α, it is important to note that the particle number density n = d d+1 p/(2π) d+1 F aa (t, p)/2 and the energy density = d d+1 p/(2π) d+1 p 0 F aa (t, p)/2 are conserved during the evolution. We find:
Of course, taking η = 0 and z = 2 we recover the results of section IV C. Remarkably, one observes that the scaling exponent for the nonrelativistic particle cascade is independent of the dynamic exponent z. This has the important special consequence that the same scaling behavior for particle transport is found no matter whether the low-momentum dispersion is quadratic, or linear as for the Bogoliubov dispersion (65) in the presence of a condensate. Comparing the expressions for particle transport to our simulation results of section (II B), within the numerical errors we see no strong indication for any deviation from the canonical value η = 0 employed for the analytical estimates of section IV.
We may also consider the growth of the condensate during the self-similar evolution, which we investigated numerically in sections II and III. With F ab (t, t, p) ∼ dp 0 F ab (t, p 0 , p) and using (76) we obtain the scaling of a characteristic mode of the equal-time correlator ∼ t α . Since α > 0 for not too large η, the condensate zeromode is expected to grow as a power-law in time. The value α 3/2 for d = 3 rather accurately describes our numerical findings.
For completeness, we indicate how to recover the kinetic equation of section IV C from the evolution equation (72) for the anticommutator expectation value. First, one inserts the free-field form of the spectral function [49] 
where ω p = p 2 /2m. Second, one can define an off-shell distribution function f (t, p) as
with −f (t, −p) = f (t, p) + 1 in accordance to (75). Inserting all this yields for f (t, p) 1 the nonrelativistic kinetic equation employed in section IV C.
B. Relativistic field theory
We now consider the relativistic quantum field theory for a N -component real scalar field ϕ a (x) with a ∈ {1, . . . , N } in d spatial dimensions. Its classical action is given by
The corresponding classical equation of motion for m = 0 is the Klein-Gordon equation given in (16) . Following the discussion of section IV C we will focus here on the case without a mass gap, since otherwise the above nonrelativistic results apply. Along the lines of the previous section, we introduce spectral and statistical functions as the commutator and connected anticommutator expectation values of two Heisenberg field operators. In the following we will assume that the corresponding F ab = F δ ab andρ ab =ρ δ ab . According to (18) and taking into account the quantum-half, we get the distribution function for sufficiently high occupancies for p = 0 as:
The derivation of the evolution equation for f (t, p) follows along the same lines as for the nonrelativistic theory of the previous section. Using the 2PI 1/N expansion to NLO, the lowest-order gradient expansion leads to
where F p = F (t, p), and λ 2 eff is defined as
with the vertex function v eff (t, p) given in (B22).
With the above kinetic equation we now search for selfsimilar solutions (29) . For this we have to write
in addition to the scaling behavior (67) for the spectral function. Inserting the scaling behavior into the evolution equation (87) leads to the solution
and an equation for the universal scaling function corresponding to (80). Imposing particle number and energy conservation yields
For η = 0 and z = 1 these values agree with the results in the absence of a mass gap of section IV C. We finally note that the relativistic kinetic equation of that section can be obtained from (87) by using the corresponding definition (84) with the free spectral function (66).
VI. CONCLUSION
A consistent picture has emerged for the universal selfsimilar dynamics of relativistic and nonrelativistic field theories near nonthermal fixed points. The results of full numerical simulations are well described by analytic results based on the vertex-resummed kinetic theory. The latter extends well-established kinetic descriptions to the nonperturbative regime of overoccupied modes.
The vertex-resummed kinetic theory links the perturbative phenomenon of weak wave turbulence relevant at higher momenta to the nonperturbative physics of strong turbulence and vorticity of the underlying field configurations in the highly nonlinear infrared regime. It is striking that the range of validity of kinetic descriptions can indeed be extended to capture these very different regimes.
For the examples of nonrelativistic (Gross-Pitaevskii) and relativistic scalar field theory with quartic selfinteractions, we have seen that the infrared scaling exponents as well as scaling functions agree. This becomes possible because of the emergence of a mass gap in the relativistic theory. In contrast to the previously known negative values for the scaling exponents α and β from perturbative estimates, we find that their positive values α = d/(2 − η) and β = 1/(2 − η) obtained for small anomalous dimension η describe an inverse particle transport with growing occupation number in the infrared. The growth exponent α is found to describe also the farfrom-equilibrium formation of the Bose condensate. Moreover, this nonrelativistic particle transport solution has the remarkable property to be independent of the dynamic scaling exponent z. As a consequence, this solution applies equally well to a dispersion with quadratic momentum dependence or a possible linear behavior below the characteristic coherence momentum scale in the presence of a Bose gas condensate.
The corresponding dynamic universality class turns out to be remarkably large, encompassing both relativistic as well as nonrelativistic quantum and classical systems. As a consequence, the applications can range from table-top experiments with ultracold quantum gases to inflationary dynamics during the very early stages of our universe.
Appendix A: Stationary transport
For comparison, we summarize in this section the analysis for stationary transport. This is a time-translation invariant problem, which can be realized in the presence of suitable sources and sinks. In contrast, the isolated systems out of equilibrium considered in the main part of this work are characterized by a self-similar evolution, which is not time-translation invariant.
Stationary transport in perturbative kinetic theory has been intensively studied in the context of weak wave turbulence [3, 20, 21] . Similarly, the nonperturbative regime of strong turbulence has been investigated in detail and the following discussion is based on the literature [4, 18, 19] , where we point out the relevant aspects for the comparison to the case of self-similar evolutions.
Perturbative regime: Weak wave turbulence
In perturbative kinetic theory, when two particles scatter into two particles, the time evolution of the distribution function f p (t) for a spatially homogeneous system is given for not too small occupation numbers by (42) . For the example of the relativistic N -component scalar field theory with quartic λ/(4!N )-interaction this is further specified by (41) . The phenomenon of weak wave turbulence is expected for occupation numbers per mode in the regime 1 f p 1/λ, where that perturbative description is expected to be valid. In section A 2 below, we consider the nonperturbative case of an overoccupied system.
For number conserving 2 ↔ 2 scatterings, apart from the energy density also the total particle number density n is conserved, which are given by = p ω p f p and n = p f p with the notation
The fact that they are conserved may be described by a continuity equation in momentum space, such as
for energy conservation. Similarly, particle number conservation is described by formally replacing ω p → 1 in the above equation and a corresponding substitution of the flux density. For the isotropic situation we can consider the energy flux A(k) through a momentum sphere of radius k. Then only the radial component of the flux density j p is nonvanishing and
Since in this approximation ω p is constant in time, we can write with the help of (A1) and the kinetic equation:
Stationary wave turbulence is characterized by a scaleindependent flux A(k), for which the respective integral does not depend on the integration limit k. To this end, one considers scaling solutions
with occupation number exponent κ and assuming a linear dispersion relation relevant for momenta |p| m. Since the physics is scale invariant, we can choose s = 1/|p| such that f p = |p| −κ f 1 and ω p = |p| ω 1 . Using these scaling properties, one obtains for the collision integral (41) and (42) of the theory with quartic self-interaction:
where the scaling exponent is given bỹ
The first term in brackets comes from the scaling of the integral measure, the second from energy-momentum conservation for two-to-two scattering and the third from the three factors of the distribution function appearing in (42) . Similar to the discussion in section IV B, to be more general we may write for the scaling behavior of a generic collision term for l-vertex scattering processes
in terms of the scaling exponentμ l . One obtains along these linesμ
For the scaling properties of the energy flux we can then write
If the exponent in the integrand is nonvanishing, the integral gives
Thus, scale invariance may be obtained for
This gives the scaling exponent for the perturbative relativistic energy cascade:
One observes that stationary turbulence requires in this case the existence of the limit
such that the collision integral must have a corresponding zero of first degree. Similarly, starting from the continuity equation for particle number one can study stationary turbulence associated to particle number conservation. This leads to the perturbative relativistic particle cascade:
Accordingly, for quartic self-interactions we get κ = d−4/3 for the energy cascade and κ = d−5/3 for the particle cascade. In the presence of a coherent field, when a 3-vertex can become relevant, the associated scaling exponents are κ = d − 3/2 for the energy cascade and κ = d − 2 for the particle cascade. For d = 3 this result from stationary turbulence compares reasonably well with the approximate power law observed in section III B for the case of a self-similar evolution. For the corresponding perturbative nonrelativistic results we refer to the literature [3, 20, 21] .
Nonperturbative regime: Strong turbulence
The above perturbative description is expected to become invalid at sufficiently low momenta. In particular, the occupation numbers f p ∼ |p| −κ for κ > 0 would grow nonperturbatively large in the infrared such that the approximation (40) becomes questionable. To understand where the picture of weak wave turbulence breaks down and to compute the properties of the infrared regime, we have to consider nonperturbative approximations. For this purpose, we employ the vertex-resummed theory as in section V based on the expansion of the 2PI effective action in the number of field components to NLO.
For a relativistic theory with dispersion ω p = p 2 + m 2 , the scaling assumption (A4) should be valid for sufficiently high momenta |p| m such that the dispersion is approximately linear with ω p ∼ |p|. However, if a mass gap exists the infrared modes behave effectively nonrelativistic as explained in section IV C. In the following, we will analyze the two cases of a relativistic theory without mass gap and a nonrelativistic theory separately for comparison.
We first look for relativistic scaling solutions in the absence of a mass gap. To be able to cope with occupancies of order ∼ 1/λ, we replace the perturbative collision term by the vertex-resummed expression according to (87) with
where λ 2 eff is defined in (88). We emphasize that this still involves integration over frequencies as well as spatial momenta since no free-field form for the spectral functionρ p ≡ρ(p 0 , p) is used so far, and f p ≡ f (p 0 , p). A crucial difference to the perturbative kinetic equation is the appearance of the vertex function v eff (p 0 , p), which encodes the emergence of a momentum-dependent effective coupling from the NLO corrections of the 1/N expansion.
We characterize the scaling properties of the spectral functionρ(p 0 , p) as in (67), which takes into account a possible anomalous dimension η. Accordingly, the scaling behavior of the statistical correlation function
will be described using a scaling exponent κ s . This translates with the definition for f p 1 into
Using these definitions, one can infer the scaling behavior of v eff (p 0 , p), which is given in terms of the "one-loop" retarded self-energy Π R (p 0 , p) as in section V B from which follows
If ∆ > 0 one finds the infrared scaling behavior
(For ∆ ≤ 0 the effective coupling would become trivial with v eff 1, on which we comment below.) Employing these scaling properties, (A15) gives
Following the procedure of section A, for any conserved quantity we can compute the flux through a momentum sphere k. Stationary turbulence solutions then require that the respective integral does not depend on k. Similar to (A3), the flux for this effective particle number reads
(A22) The momentum integral can be evaluated along similar lines as before using the above scaling properties such that
Therefore, scale invariance may be obtained for the [4, 18] particle cascade:
in the nonperturbative low-momentum regime. Similarly, for the scaling solution associated to energy conservation one finds, taking into account the additional power of p 0 in the respective integrand, the exponent for the [4, 18] energy cascade:
With these solutions, we can now reconsider the above assumption that ∆ > 0 by plugging (A24) or (A25) into (A19). Indeed, it is fulfilled under the sufficient condition that η < 2. Taking into account that the anomalous dimension for scalar field theory is expected to be small for not too low dimension, we find κ s d + 1 for the particle cascade and κ s d + 2 for the energy cascade solution.
The scaling of the effective occupation number distribution f (p), which depends only on spatial momentum, can finally be obtained from
using that ∞ 0 dp 0 /(2π)p 0ρ (p 0 , p) = 1/2, which corresponds to the field commutation relation in Fourier space. Of course, the scaling behavior (A16) for F (p 0 , p) may only be observed in a momentum regime with sufficiently high occupancies f (p) as implied in the above derivation. Then (A26) yields:
These estimates show that vertex corrections can lead to a strongly modified infrared scaling behavior as compared to the perturbative treatment of section A 1. We now turn to the nonrelativistic limit, which is outlined in section IV and we present here the relevant changes as compared to the relativistic case. To this end, we consider a nonrelativistic N -component complex scalar field theory and perform again the 1/N expansion to NLO. Since already the relativistic scaling exponents (A27) indicate no explicit dependence on N at NLO -it can only enter indirectly via η and z -this seems to be a very good starting point to understand also the single complex field case of Gross-Pitaevskii.
Therefore, proceeding in the same way as for the relativistic theory, with the corresponding scaling ansatz for the spectral and statistical two-point functions, leads to the very same solutions (A24) and (A25). A crucial difference arises when the occupation number distribution is determined. Using the nonrelativistic definition for the distribution function, we have with the notation (70) in the absence of a condensate:
Comparison with the relativistic case shows that a difference in the scaling behavior is caused by the additional factor of ∼ p 0 in the integrand of (A26). Therefore, we find that f (p) = s κs+2−z f (sp) ∼ |p| −(d+2−η)
nonrel. particle cascade |p| −(d+2+z−η) nonrel. energy cascade (A29) scales with one "z" difference than the relativistic solution (A27). This can have important consequences, such as the fact that the scaling exponent for the nonrelativistic particle cascade is now independent of the dynamic exponent z describing the dispersion ω p ∼ |p| z . For d = 3 and η = 0 one has the scaling ∼ 1/|p| 5 . This result from stationary turbulence is not far from the approximate power law ∼ 1/|p| κ> described in section I B for the case of a self-similar evolution.
Appendix B: Transport equations from quantum field theory
In this section, we discuss the most relevant approximations involved in the derivation of the kinetic equations used in the main text. We refer to Refs. [6, 19, 37, 50, 51] for further details.
Nonrelativistic transport equations
We consider the time evolution of the statistical and spectral propagators F and ρ ≡ iρ defined in (71) and (69), which obey 
[iσ 
where
and ψ a (x) = ψ a (x) is the macroscopic field, computed from complex nonrelativistic quantum fieldsψ 1 =ψ and ψ 2 =ψ † . Without approximating the self-energies, the above equations would be exact for Gaussian initial conditions. The approximate expressions for the statistical and spectral parts of the self-energy Σ ρ and Σ F used in this paper are given in appendix B 3. An equation for the macroscopic field completes the set of equations of motion in the case of a nonzero expectation value, which will not be used in the following. It can be found in reference [19] .
The derivation of the transport equation for F (for ρ) follows standard procedures. One starts by switching the variables x and y in (B1) (in (B2)) and subtracting the new equation from the original one. We change to Wigner coordinates X µ ≡ (x µ + y µ )/2 and s µ ≡ x µ − y µ and Fourier transform with respect to the relative coordinate according to g(X, p) = 
Then one performs a gradient expansion, i.e. an expansion in orders of ∂ X µ and ∂ pµ , keeping only the first order in this expansion. In particular, this implies that
for any two functions f (x, y) and g(x, y). Writing X 0 ≡ t and dropping the X-dependence due to spatial homogeneity, one arrives at the transport equations to leading order gradient expansion ∂F ab ∂t (t, p) = − iσ 
where φ a (x) = φ a (x) and we defined the mass function
The relativistic statistical and spectral functions F and ρ are defined in analogy to equations (71) and (69) 
2p 0 ∂ρ ab ∂t (t, p) = 0 .
We note that the spectral function ρ is time independent for both relativistic and nonrelativistic theories at this order of the gradient expansion.
2PI 1/N expansion to NLO
We consider here the 2PI 1/N expansion to NLO, where we consider the case of a vanishing macroscopic field, i.e. φ a = 0 [36] . The corresponding equations for a nonzero field expectation value can be found in [37] . See reference [45] for an introductory presentation.
At NLO the self-energies are given by 
Here F and ρ are to be understood as matrices. Next, the initial time is sent to the remote past t 0 → −∞, and we introduce retarded and advanced quantities as I R (x, y) = Θ(x 0 −y 0 )I ρ (x, y), I A = −Θ(y 0 −x 0 )I ρ (x, y) and similar for Π R and Π A . Then (B16) is Fourier transformed with respect to the relative Wigner coordinate to obtain at lowest order in the gradient expansion
Using I ρ = I R −I A and proceeding in the same way with (B15), one obtains 
Inserting these expressions into the transport equation (B6) and (B11), one obtains the evolution equations (72) and (87), respectively. The effective coupling can be further simplified in the approximation with (84), the identity
and the on-shell spectral functions (83) and (66) for the nonrelativistic and relativistic theories, respectively. In this way, one arrives at the quasi-particle expressions (58) and (55).
